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Abstract-Viscoplastic mat~rial behavior could inllucnce the inelastic collapse and buckling loads
of shell structures oue tl' the slrain rale dependence of lh~ Ilow stress and lhrough pre-buckling
creep dd,'rmalions and indaslic unk'ading...\n e'aminalion of lhese clrecls is performed by
incorporating the unitied d'lslic·,iscl'plaslic cl1nstltutive e4ualions of BodnerParlon inlo lhe
BOSOR-5 computer program of Bushnell fl'r the deformation and buckling of a,isymmelric
shells subjected to tWlh pressure and lhermal 111adings. The combined compulcr program enables
consideratilHl l,f oolh lime-dependenl geometrical and materi.J1 clreets on the pre-ouck!ed state and
the II1SI,IOihty cllndili"n. In particular. the prlxedure enao!es the determination of a oifurcatilln·
lype lower O"UIll\ on tile huck ling load. i\ few numerical c'ercises were perf,'rmed tl1 illustrate the
v.mous elli:cts. including thall,f tcmperature dependence I,f the viscoplastic pn'perlles.

INTRODUCTI()N

The time dependence of inelastic deformation. manifested hy creep. stress relaxation and
strain rate sensitivity of the plastic llow stress. is an essential material property which could
have a numher of dire..:t dkds on plastic hu..:kling prohlems:

( I) pre-hu..:kling creep dcform~ltions inlluenee the geometry amI the associated stress
and str~lin state so as. in general. to we~lken and destabili/e the system:

(2) the corresponding strain rate dependence of the llow stress «.:auses the collapse
(maximum) load to depend on the loading r~lt.: amI also inlluenccs the bifurcation
«.:ondition:

(3) inelastic strains would bc developed during unloading which could ctf.:ct the pre
buckled state.

For a structurc under constant or slowly increasing loading. crecp dcformations would
gcncrally magnify both thc initial imperfc..:tions and thc load-induccd dcformations thereby
altcring thc gcomctry of thc systcm. Thc gcometrical changes could dcstabilize the system
by increasing the moments of the cxternal forces in thc case ofcolumns, platcs and shells, and
by modifying thc basic contlguration of shallow arches and sphcrical caps. [n conventional
formulations. time-dcpcndcnt crecp response is assumed to bc non-associatcd with time
indcpendent clastic -plastic bcha vior exccpt as the creep dcformations influence the geo
mctric4ll state. As a consequence. elastic buckling could be induced by gcometry changes
due to creep. e.g. Hoff (196H. 1975). Obrccht (1977). Stor~lkcrs (1977) and Hayman (1981).
Thc c141stic buckling modes could be due to bifurcation from thc original pre-buckled shape.
In the inelastic rang.:. the matcrial stiffness would decrease due to plastic strains developed
by the increased bending moments. With the convention4l1 procedure. these plastic strains
arc obtained from a time-in<.kpcndcnt inelastic analysis based on the current (time-depen
d.:nt) geometry of the system. This general approach to inebstic buckling problems in the
presencc of creep deformations is well represented in the literature. e.g. Bushnell (1974).

Apart from the more obvious effect ofcreep dcform~llionson destabilization. the strain
rate dependence of the flow stress influen..:es possibk buckling conditions. i.e. collapse or
bifurcation. in a complicated mann.:r. In the pre-buckled state. longer times of loading
would generally correspond to lower strain rates and would thereby reduce the effective
material stiffness in the inebstic r~lIlge. The collapse condition determined by a maximum
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of the load ddlel:tion relation would therefore be a functil)n of loading ratt:. llr timt:. for a
strUl:ture of viswplastic material. e.g. Tvergaard ( 1%5).

For the bifurl:ation condition. the rok of strain rate sensitivity of tht: tlllW stress is
more l:ompkx. Rabotnov and Shesterikov (1957) (n:krred to as R-S). Gerard and Papirno
(1%2). Gerard (1962) and Trojnal:ki and ZYl:zko\\ski (1':176). among others. treated creep
buckling as a bifurl:ation problem by proposing a klad- and time-dependent dcgradation
of material stitfness. The invl:stigation of R·S was extensivelj disl:Llssed by Hotf (1958).
and by Jahsman and Field (1962a.b). who suggested alteratillns in the referelKe equation
l1f state. e.g. l:onsideratlon of elastic unloading and the nt:ep hesitation dl'el:ts upon
rt:duction of load. i\lany commentators on the probkm at that time (in the 1960s and
19-:-0s) pointed to the inadequacies of the currently availabk equatillns of state for the
material reSpl1l1'ie under the required conditions. Anllther evaluation of the R S approadl
OJ Yamanll1to (1970) criticized the use of a dynamic stability criteril1l1 for neep buckling
of columns. i\lore rel:ently. Tvergaard (19:-\lJ). as well as otht:r il1\t:stigators. havt: shown
that Hill's (ratt:-il1lkpendent) bifurl:ation l:riterion can be satistkd for a gent:ral elastil:
vis~'oplastil' strUl:ture only at the elastic budling Illad. This Clll11t:S about since the innt:
mental rt:sponse llf a ViSl'llplastil.: material to an instantant:ous I.:hangt: of strain ratt: is
da'itic. Tht: rt:sult is. llf I.:ourse. singular and practil.:ally unrt:;t1istil.: sinl.:t: impt:rkctions and
inertial dft:l.:ts would nullify tht: assumption of an instantant:ous str;lin ratt: changt:. An
altt:rnativt: apprlladl is to t:stablish tht: dkl.:tin: tangl'nt modulus of tht: matt:rial for tht:
nisting strain rates in tht: prt:-hul.:kkd dd'ormation state and tll Ust: a suitably intt:gratt:d
(ll\t:r the stnll.:lun:) tangt:nt modulus in thl: l:on\t:ntillnal bUl.:kling I.:ritnion. With an
appropriatl: Cllllstitutj\c thl:llry. thl: tangl:nl modulus al l:;ll.:h pllinl in thl: strUl:turl: clluld
bl: llbtainl:d as lhl: l:lldlicil:nt in an l:Xpn:ssilln I'llI' thl: iIKrl'm~'ntal slrl:ss str;lin rdatilln al
thl: cUITl:nl stalt: l:ollliitillll whidl would bl: I.:ompatihk with Ilill's hifurl:ation l:ondilion.
The rl:sulting bifun:alion-tYPl: hUl:kling load could thl:n bl: intnprl:ll:d as a lowl:r bound on
till' aclu;1! hudling l:Ondllllln since higher slrain rates would be reali/cd al the initiation of
the IHll:kling process. hlrther discussion of this aspel:t of the budling prohkm will be the
suojel:t of a subsequent p;lper, The prest:nt one is primarily I.:onl:erned with dl:sl:ribing thl:
l:llupling of the dastil: visl.:llplastil: theory of Bodncr Partom (rekrred III as B p) to tht:
BOSO({-5 program and the presentalion of some numerical results for the hudling of
cylindril:al shell structures suojel.:ted to both e.xternal pressure and a temperaturc gradient
through the shell wall, Tht: B P formulation t:nabks dirt:cl considcration of the tt:mpaaturt:
dt:pendenl.:t: of tht: viswplastit: properties within the BOSO({-5 program.

ELASTIC VISCOI'LASTIC CONSTITUTIVE [()UATIONS

In recent years. more realistil: I.:onstitulivt: t:uqations have heen propost:d for the
combine.:d dastil.: and time-dept:ndt:nl indastil.: dd'orrnation of melab. One.: class of such
t:quations is rd't:rred 10 as "unified" in lhe sense th;tt all indastil.: deformations art: rep
rese.:ntt:d by the same.: variabk. As a I.:onsequence. slrain rate-dt:pel1lknt plastic flow. creep
and slress rdaxation arc conse.:quenct:s of partil:ular loading condilions for the same.: set of
governing equations. These equations abo includt: load hislory-de.:pendenl varia hies 10

reprt:sent I.:ertain aspects of the malerial stale. e.:.g. harde.:ning. Some of lhe propose.:d sets
of "unifit:d" wnstitutive equations tin not rt:quire a prescriht:d yidd crilt:rion and
loading/unloading conditions. The particular wnstitulive equatinns of Bndnt:r and P;lrtom
(1972. 1975) for dastil.: viswplastic rcsponse art: of this class and art: adopted in the presenl
paper. Tlll:se.: wt:re initially proposed in 1%S. and tht:ir currt:nt vt:rsion was rt:vie.:wed by
Bodner (19S5. 19S7). Thesewnstitutivt:equations havt: het:n shown tn realislil:ally reprcSt:nt
material response charaeteristil.:s ovcr a widt: rangt: of loading and tt:ll1perature conditions.
e.g, Chan ("I (//. (llJRS. 19X9. 1990). Tht: applil.:ations dt:ll1onstra tt: the represt:ntational and
predictive capability of the t:quations wilh res pt:1.:tto lhe strain ralt: dt:pende.:11I.:e of the flow
stress. cret:p under stt:ady and varying loads. strt:ss relaxation under uniaxial and l11ultiaxial
loading l:onditions. and uni;lxial and multiaxiall:yclil: ht:havinr.

Use of such constilutive equal ions in hudling prohkllls enahlcs simullaneous con
sideration of bOlh time-dl:pel1lknt ge.:ol11t:trical and mall:rial d1'l:cls and prnvidt:s an overall
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Table I. A summary of the e1asticviscoplastic constitutive model

D('compoS;I;on or strum rUI(' :

F/",r/ulr:

with .'" = a" - (I :; ),i"a"

7.=7.'+7.° (5)

£"0/1/1;,,,/ c'll/al;o//s or I1Ilcrt/a/ ..w;aNcs:

(a) Isotropic h>lrdening
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(0) Directional h;tnlo:nllljt

W,.(O) ~O

>lnd Z" = 11,,1/,,; Z"(O) = O. 11,,(0) = 0

,\laler;a/ ClJI,-,lafll.':

(K)

D". //. 7.". Z ,. Z,. Z .. fII,. fII ,. A,. rI ,. r,. r ,. ;Illd d>lstic constants; with // = //( T) (ill
1110s1 cases olle call sci 7., = Z". A I = A,. r, = r ,)

framework for the treatment of problems involving variable loading histories such as
uniform loading rates, steady loading (creep buckling), impulsive loading and repeated
loading. Combined thermal and mechanical loading conditions could also be considered
within such a formulation which can include temperature dependence of the viscoplastic
properties.

The B-P elastic-viscoplastic equations are given in a slightly specialized form in Table
I. In the decomposition of the totul strain rate into elastic and inelastic components, eqn
(I). it is noted that both components arc generally non-zero for all conditions of loading
and unloading. This means that plastic strains. although very small. are present at low
stress levels and upon unloading. The proposed now law. eqn (2). is that associated with
the von Mises yield criterion although yield and normality conditions arc not required by
the material model. Th..tt law is then a rebtion between the direction of the physical plastic
strain rate and the deviatoric stress. By means of the kinetic eqn (3). which relates the
invariants of plastic strain rate D~ and deviatoric stress J 2. the coellicient of the now law i.
can be determined from eqn (4) as a function of stress and the load history-dependent
hardening variable Z. That variable could be interpreted as a measure of the resistance to
plastic llow.

Another term appearing in the kinetic equation is the coefficient Do which corresponds
to the limiting plastic strain rate in shear. This interpretation is inherent in the functional
form of eqn (3). and an assumed value for Dn can be used which is less than the presumed
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physical one. The other parameter is n which controls strain rate sensitivity and the overall
level of the flow stress: it is temperature- and pressure-dependent with n. in general. varying
inversely with temperature and directly with superimposed hydrostatic pressure. Lower
values of n correspond to increased strain rate sensitivity and reduced levels of the flow stress.

The earlier formulation of the constitutive equations (Bodner and Partom. 1975)
considered only isotropic hardening but both isotropic and directional hardening dfects
are contained in the more recent version (Bodner. 1985. 1987). In the B-P equations. the
total scalar hardening variable Z is considered to be composed of isotropic and directional
components Zl and ZD respectively. eqn (5). Evolution equations for those quantities are
of saturation form. eqns (6) .lOd (7). and include terms corresponding to thermal recovery
of hardening which enable the condition of secondary creep to develop. The material
constants associated with thermal recovery of hardening are Z> A I' A> 'I and ',. Direc
tional hardening is actually represented as a second-order tensor.IJ". and its evolution eqn
(7) is also tensorial. A scalar effective value. ZI>. is taken to be the component of II" in the
direction of the current stress. eqn (X). anLi is adLied to the isotropic hardening ZI to make
up the total hardening variable Z.

Directional hardening etfects could enter into buckling problems due to the activation
of stress components upon huckling that arc zero in the pre-huckled state. Those effects.
however. would be small in the applications under discussion. Inclusion of directional
hardening is. nevertheless. desirahle since the ability of the equations to properly model
actual material hehavior is considerahly improved. The equations in Tahle I do not include
the possihle additional h;mlening etl"ccts due to e~tended non-proportionalillading histories
(Bodner. IlJS7). which arc generally not significant in huckling prohletl1s.

SlJ~II\Ii\RY (ll: Till: II()S()R·~ I'R()(iR/\M

The BOSOR-5 computer program of Bushnell (llJ73. IlJ74. 11)76a.h. IlJX5) determines the
c1asltc plastic stresses and deformations of shells of revolution suhjected to a~isYl11l11etril.:al

loading. and also the load l.:ondition for plastic collapse or for hifun;ation hUl.:kling. It is a
finite dillerelKe program that uses thl: pril1l:iple of virtual work to estahlish the l:quilihriul11
\.:llllditions where the nodal point l110vemcnts save as the virtual displal.:etl1ents. Since
rotational sYl11tl1etry is assul11cd prior to huckling. only the eircumlerential and l11cridional
pre-blll:kling strcss components arc non-/ero in thc pre-buckled state. Also. only a~ially

symmetrical initial imperfections can be included. Hooke's Law is taken for the elastic
stress-strain relation and thermal. strain rate-independent plastic and time-dependent creep
strains arc included. The hasic equilibrium equations an: integrated throughout the shell
thickness and over the shell surface to give a set of non-linear algebraic equations. These
are solved numerically by the Newton-Raphson method which involves satisf~lction of an
iteration equation for the increments of the nodal point values; see eqn (3) of Bushnell
(1974).

For inelastic material behavior. time-independent incremental and deformation plas
ticity theories have been incorporated within the basic BOSOR-5 program. To provide a
basis for generalization to rate-dependent plasticity. the J: incremental plasticity theory
with isotropic hardening was chosen as the reference. The tangent modulus procedure is
used in the program which involves the determination of a plastic loading matrix and a
tangent stiffness matrix which relates increments of stress and strain. In the standard
method. the tangent stilfness matrix is independent of the creep and thermal strains. This
means that those strains would have no direct influence on the plastic response but would
be expected to etlcct it indirectly through the changes in the geometry of the structure.

Plastic collapse (instability) of the shell in the axisymmetrical mode would be indicated
by f~lilurc of the procedure to converge at some level of applied pressure. For bifurcation
buckling in a symmetrical or non-symmetrical mode. a standard bifurcation analysis based
on an integrated t~lngent modulus is ~Idopted. Since the pre-bul.:klcd state is asi~ymmctric.

only bifurcation buckling is possihle for a non-symmetril.:al mode. The possible mode
patterns would generally involve shear strains. which would require consideration of
additional degrees of freedom in the nodal displacements. Bifurcation buckling would be
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indicated by a detenninant obtained from the variation of the equilibrium conditions
becoming zero. In practice. the detenninant is evaluated at each load step and the load step
at which the determinant change sign gives the range in which buckling would take place.
A detailed discussion of the buckling analysis appears in Bushnell (1974).

I~CLUSIO:-'; OF THE B-P ELASTIC-V\SCOPLASTIC EQUATIONS

IN THE BOSOR-5 PROGRAM

Within the conte~t of the J: incremental plasticity fonnulation of the BOSOR-5
computer program. the use of the B-P constitutive model requires modification of a number
of the basic equations and of the numerical procedure for handling the essential time
dependence. An important change is that plasticity and creep are not uncoupled in the
unified B-P theory and are represented by the same variable. A single inelastic strain term
therefore appears instead of the sum of the uncoupled plastic and creep strains in the
e~pression for the strain energy of the shell elements. Similarly. the expression for the
inelastic strain in terms of the total and thennal strains includes both plasticity and creep.
and depends on the nodal deformations.

Because of the inherent time dependence and the coupling of plasticity and creep. it is
necessary to recognize that the inelastic tangent modulus. E~. which appe'lrs in the BOSOR
5 formulation. cannot be deduced from the response characteristics. That is. E~ should be
a property of the material state (2) and the applied stress. while the time-dependent inelastic
response and the changes in stress depend upon the prevailing loading conditions. In
practice. this means that Ef should be obtained at each time increment from the reference
constitutive equations for the current values of stress and hardness (2) and not from the
derived increments of stress and inelastic strain. This may be part of the reason for the
dillil:ulties e~perie'lI:ed by the creep buckling theories of R·S and of Gerard in which the
respective material stilrnesses arc obtained frum the response characteristics. The prublem
docs not arise for the uncoupled plasticity -creep formulations in which creep only influences
the structural geometry while Ef is directly related to the ratio of the increments of stress
and rate-independent plastic strain.

For the B -P constitutive theory. Table I. it is possible to obtain an explicit expression
for the short time inelastic tangent modulus of the pre-buckled state directly from the
equations which is then used in the equilibrium equations and in the determinant for
bifurcation buckling. As discussed previously. this bifurcation buckling value should be a
lower bound on the actual buckling condition1~ince higher strain rates would be realized
during the bUl:kling prol:ess. Taking 11& = J3J:. the kinetic eqn (3) can be expressed as

(9)

where D~ is the second invariant of the plastic strain rate in the pre-buckled state. The
inelastic tangent modulus corresponding to an increment of effective inelastic strain. df;~T.

with the plastic strain rate held ste.ldy, would then be

( 10)

It is noted that eqn (10) would reduce to the standard tangent modulus in the limit of a
rate-independent solid. The term (dZ/df.olT) can be obtained from the evolution eqns (6) and
(7). Table I. neglecting thermal recovery terms for the short time behavior. Multiplying
eqn (6) by (dl/df.~T) and eqn (7) by lI'l(dl/d£~r> and adding. leads to

(II)

This expression gives the inelastic tangent modulus of the pre-buckled state in terms of the
current state qU4lntities ZI. ZU and the current inelastic strain rate invariant D~ which is
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assumed to be steady at the condition of obtaining Et. Alternatively. using eqn (9). E¥ can
be e:<pressed in terms of the current stress and the state quantities.

( 12)

This equation was used for the term H' in the BOSOR-5 program which appears in the
plastic loading matrix [C]: see eqn (6) of Bushnell (197~). That matrix occurs in the terms
that arise in the iteration procedure for satisfying the equilibrium equations and also in
the determinant for the bifurcation condition. The short time plastic tangent modulus
therefore has a direct influence on the bifurcation condition and a minor effect on the
determination of the pre-buckled state. It is noted that although eqn (12) does not involve
the thermal recovery terms. those terms do influence Et through the current values of the
hardening variables Zl and ZO which are based on the full eqns (6) and (7). Identification of
the pre-buckled state requires satisfaction of the complete set of equilibrium and constitutive
equations and the boundary conditions for the given problem.

For the numerical solution of the governing e1astic-viscoplastic material equations at
each increment of time. it is convenient to usc the implicit numerical scheme developed by
Kanchi ('/ Cli. (1978). The B-P model can be used directly to obtain analytical expressions
between the increments of inelastic strain rate and stress. Also. as discussed above. the
plastic loading matrix [C] is obtained from the relation between the inelastic strain and
stress increlm:nts and from the expression for the stress increment in terms of the elastic
strain increment. It is noted that with the O-P model. [C] is intluenced by both plasticity
and creep and is always non-zero. Alternatively. in the c1assic.1I yield surface plasticity
formulation. [C] is zero at stress levels helow yield and upon unloading. The complete
system of equations is solved at each time increment in the hasic BOSOR-5 computer
program. 1ktatls of the procedure are given hy Naveh (lllX7).

In the BOSOR-5 program. the stahility of equilibrium is examined at each time
il1l:n:ment by evaluation of a determinant based on the second variation of the total energy.
For the inhen:ntly non-conservative system. this corresponds to examining the condition for
neutrality of the eq uilibrium state from the viewpoint of virtual work. In this investigation of
possible bifure'ltion of the equilihrium state. non-symmetricall11odes arc also considered.
i.e. additional degrees of freedom arc introduced. The inelastic tangent modulus obtained
analytically from the B P equations for the current material state. eqn (12). is used as the
mataial stilfness parameter in the resulting stability determin'lnt. The total tangent modulus
which relates the il1l;rement of stress to the increment of total strain can be readily obtained
in terms of E'; and the elastic modulus E.

NUMERICAL EXAMPLES

A number of numerical exercises had been carried out with an earlier version of the
moditied BOSOR-5 program by Bodner and Naveh (1988) to examine the effect of m'lterial
rate sensitivity on the buckling of stitfened cylindrical shells hydrostatically loaded at a
wntrolled rate. In that study. the plastic tangent modulus £\' was evalu'lted from the
response characteristics which overemphasized the intluence of material rate sensitivity on
the material stiffness for short time structural deformations. However. the numerical results
obtained for the relatively rate-insensitive aluminum alloy 7075-1'6 agreed well with cor
responding test results. Also. various numerical results obtained with the aluminum alloy
material were in agreement with those of the original rate-independent plasticity formu
lation. which used a reference stress-strain curve corresponding to the viscoplastic response
at the average developed strain rate. On that basis. the details of the numerical procedure
and the programming arc considered to be correct.

The program was subsequently further modified with Er evaluated according to the
equations given in this paper and this revised program was the basis of the further numerical
exercises. The revised progr'lrn was also generalized to consider thermal strains which arc
included in the original 00SOR-5 formulation. To expand the treatment of thermal etfccts.
the full evolution equations for the hardening variables with the thermal recovery terms.
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eqns (6) and (7). were incorporated into the revised program. This enables the condition
of secondary creep to develop under constant load conditions. A further generalization was
to permit the rate-dependent inelastic properties to be functions of temperature.

For the: numerical exercises based on the current version of the computer program.
the reference structure was taken to be a closed cylindrical shell subjected to exernal
hydrostatic pressure and a linear temperature gradient through the wall thickness that was
uniform over the cylindrical surface. The aluminum alloy 7075-T6 defined by the B-P model
in the 1988 paper was taken as the shell material. The dimensions of the shell and the B-P
material constants are indicated in the Appendix along with an initial set of boundary
conditions (set I) which permits uniform radial motion to avoid bending in the pre-bul:kled
state. A series of exerl:ises was undertaken to validate the program. one of which was to
I:hel:k whether a linear temperature gradient through the thickness would have any influence
on the elastil: bUl:kling pressure. As expected. the numerical results indicated no effect of a
linear temperature gradient on the elastic buckling load obtained by setting the yield stress
to a high value. In the inelastil: range. however. a linear temperature gradient through the
shell wall does influenl:e the bUl:kling pressure due to the reduced stiffness of some of the
material. In the partil:ular exerl:ise that was performed. a linear temperature gradient of
112 C n:dul:ed tht: hlll:kling prt:ssure by 13%. In that example. buckling was due to
bifurcation in a non-symmetril:al mode with six circumferential waves.

Further generalization of the modified computer program involved inclusion of the
hardening evolution equations in incremental form with terms corresponding to thermal
rel:ovcry (If hardening. eqns (6) and (7). Thermal dependenl:e of the inelastic pl~lstic flow
propcrties can hc I:onsidt:red hy taking some of the material constants to he functions of
tt:mperalurt:. Rect:nt ext:rl:ist:s in modeling materials at various tt:mperaturt:s have shown
that tht: paramt:lt:r /I is primarily responsihlt: for temperature clft:t:ts such as tht: I:hanges in
flow stress and level and in strain rate sensitivity. In general. it is expel:ted that /I would
dt:creasc with temperaturt: and would tlH:rehy lower the flow stress level and increase strain
rate scnsitivity. An cmpirical form of the temperature dependence of 11 used in previous
studics is

/I = (.'/!T)+IJ. ( (3)

A saies of nunh:ril:al exerl:ises was condul:ted in whidl both thermal recovery of
hardening and temperature dependence of /I were induded. The basic problem for exam
in~ltion was that of the reference shell subjected to a linear temperature gradient through
the thickness of 100 C which was uniform over the surface. and to a hydrostatic pressure.
The boundary conditions for this problem are given by set II in the Appendix which
corresponds to clamped ends. The value of /I = 5 for the aluminum alloy material was taken
to apply at 0 C and other choices of 11 were assumed to apply at 100 C. Values of A and B
were then set to provide the necessary transition. and reasonable values for the thermal
recovery constants were chosen. Since the dimensions of the reference geometry and the
material constants werc arbitrarily chosen. thc absolute buckling values are unimportant
and only relative percentage changes for ditferent conditions are of interest. Taking the case
of /I to be tcmpcrature-indepcndent ~IS the reference. so that 11 would also equal 5 at 100e.
it was found that with 11 = 3 at 100 e. the buckling pressure reduced by 12% and with
11 '= I at 100 e. the buckling pressure rcduced by 31 %. Again. buckling in all cases was by
non-symmetrical bifurcation with six circumferential waves. Tempemture dependence of
the inelastic material properties could therefore bc a significant factor in buckling problems
involving thermal effects.

It is noted that thc original BOSOR-5 program is not arranged to consider temperature
dependence of the clastic modulus or of the inelastic properties. This limitation can be
overcome. ~lt least for the inelastic properties. by the use ofa suitable temperature-dependent
viscoplastic material modcl.

Another exercise \vas to examine the effect of loading rate on the buckling pressure for
a rate-sensitive material using the equation for E~ given in this paper. The same reference
shell structure of the Appendix was used and the matcrial was artificial with a ratc sensitivity
like titanium. 11 = I. but with higher values of the hardening constants (sce Appendix). The
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boundary conditions corresponded to set II which apply for fully damped ends and are
more realistic. Thermal effects were not considered in this e1(cn:ise. For pressure loading at
a rate corresponding to an average strain rate of 10 's I. the wmputed buckling value
(by bifurcation) is taken to be unity for reference. In comparison. the fully elastic buckling
pressure for this geometry is 1.09. At a lower loading rate corresponding to an average
strain rate of 10 I> s' I. the inelastic buckling load (also by bifurcation) attained. using the
present formulation. is 0.96. In comparison. the earlier formulatil)n based on obtaining £~

from the response results led to an appreciably larger percentage decrease in buckling
pressure at the lower loading rate which appeared to overemphasize the effect of visco
plasticity. For that e1(ericse. the material model was based on actual titanium with fl = I
and lower values of the hardening parameters. Also. the reference structure for that exercise
was ditTcrent than in the present case. The fairly small ~ % reduction in buckling load due
to the three decade change in loading rate obtained in the present case may be due. in part.
to the inelastic buckling pressure being close to the fully elastic condition for this particular
example.

CONCLUS10i\:S

The B-P elastic-viscoplastic constitutive equations have been implemented into the
BOSOR-S computer program of Bushnell for the deformation and bll\:kling of ax i
symmetrical shells subjected to both mechanil:al and thermal loading. Thc constitutive
theory is considered to be "unified" in the sense that plasticity .lOd crcep arc inherently
coupled and arc represenll:d by the same variable. Thermal recovery efli:l'ts and thermal
dependem:e of the inelastic pnlperties arc included in the forltlulation.

As part of the implementati(ln. an analytil.:,t1 c.\pn:ssion for the inclastil.: tangent
ltlodulus in the pre-budded state was ohtained din:l.:tly from the l.:(lnstitlltivc tlH:ory. Usc
of this modulus in the huckling determinant (oifurl.:ation criterion) leads to a lower bound
on the instahility IO,td of structures of strain rate-dependent material.

Particular advantages of using a "unificd" c1astil.: viscoplastil.: c()nstitutive tlll:ory in a
strtlcturall.:Omplltcr program arc:

(I) the rate sensitivity of inclastil.: straining l:an he taken into al.:count direl.:tly at eal.:h
point in the structure; the rate sensitivity inllllences the strul:tural response and
the buckling and collapse loads;

(2) possible creep of the structure in the pre-blll:kled state is inherently incllllled ;
(3) thermal cll'ec[s. namely: thermal strains. recovery of hardening. and temperature

dependence of inelastic properties. l:an be al:l:ounted for at cat:h point in the
structure.

A number of numeril:al exercises wen: performed to examine the rcsponse ofqlindrical
shells of e1asticviscoplastic materi,lls subjected to combined therrnomechanil:al loading.
With the implemented viscoplastil: theory. overalll.:ornputer running times were generally
less than those of the original program (with rate-independent plasticity) for the exercises
that were performed. In some cases. the running time for the viscoplastic formulation was
about half that for the basic program. This seems to be due to the fairly direct procedure
that has been introduced in the modified program compared to the need to continu
ally satisfy the current yield criterion and loading unloading conditions in the original
formulation.
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( I) R"t<-"'I/l"(' .C/""III,'ln· liJr III/I/I..,il'//l ,'xal'i.w, :
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t =2.54 cm

inner

outer
C~_\<---Jt,-[,,2.54 em

TOe
tcmperalure gradient
throlt~h thicknes.s
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c:) 8auflcWrI' cufldilioflsfor flu'",mcul exerCLI'eJ:

scI I

u
r

".

set"

u
r
II'

{I

Al ends. x = ± L ~

pre-buckling,'lor bucklIng

free free
fixed fi,,:d
free free
fixed fixed

pre-buckling for buckling

frce free
fixed free
fi,xed. fixed
fixed fixed

.-\t centerline. x = 0
(symmetry condition)

pre-buckling for buckling

fi.xed fi\eJ
free free
free free
fixeJ ti\eJ

pre-buckling for huckling

ti\eJ tiwJ
free free
free freT
tixeJ lixeJ

(J) ,Hal('rial C(l/l.I'laflf.I·.' aillfllillll", aI/or 7075-T(,

clastIC :
E = 7-14 GPa

r = 0..'

coellic"'nl of thermal expansion:

1 = 2,4 )( I () , C '

viscI'plastic (II 1'):

0" ~ 10' s '(assumed)
1/ ~ 5,0
/,,=/,~('X~Ml'a

/, "X(,'} MI'a
/, ~ '10 MI':I
"', = O.OX7 (MI':I) ,
",. 1.~.' (Ml'a) ,

A; .z A, = U.2 s '} (arbitrarily chosen)
f, f, = I

(4) Malcfllli t'omlal/I.I'.' IIfli/icial "Iiltlllill", al/ol'''

clastic:
E = IIX GPa
/,=(1.3

viscoplastic III P):

D" = 10' s '(:Issumed)
1/ = 1.0

Z" = 5320 MPa
7., = (,532 MPa
7., = 1496 MP:I
"', = O.OSt) (MPa) ,
"': = ~.SO (MPa) -,


